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Abstract. The Glenn and Grant [1987] continental shelf bottom boundary layer model for
the flow and suspended sediment concentration profiles in the constant stress layer above
a noncohesive movable sediment bed has been updated. The Reynolds fluxes for sediment
mass and fluid momentum are closed using a continuous, time-invariant linear eddy
viscosity modified by a continuous stability parameter to represent the influence of
suspended sediment–induced stratification throughout the constant stress region. Glenn
and Grant [1987] use a less realistic discontinuous eddy viscosity and neglect the
stratification correction in the wave boundary layer. For typical model parameters the two
models produce currents above the wave boundary layer that are in better agreement than
the suspended sediment concentrations. Within the wave boundary layer the differences
are much greater for both the current and the sediment concentration. This leads to
significant differences in the sediment transport throughout the constant stress layer.
Sensitivities of the updated model were examined on the basis of observed wave and
current data acquired during storms on the inner continental shelf. Comparisons between
the stratified and neutral versions of the updated model indicate that the stratified version
produces a total depth-integrated sediment transport that can be 2 orders of magnitude
less than, and time-averaged shear velocities that can be nearly half of, that predicted by
the neutral version. Sensitivities to grain size distributions indicate that even a small
amount of finer sediment can stratify the storm-driven flows. Sensitivities to closure
constants within the range of reported values also produce up to an order of magnitude
variation in sediment transport, illustrating the need for dedicated field experiments to
refine further estimates of these parameters.

1. Introduction

Over the past decade a number of independent observa-
tional and theoretical studies designed to enhance our present
understanding of important physical processes in continental
shelf bottom boundary layers have been carried out. Specific
areas of advancement include (1) the description of bottom
roughness over movable sediment beds [Wikramanayake and
Madsen, 1991; Drake et al., 1992; Sorenson et al., 1995; Xu and
Wright, 1995], (2) the geometrical properties and evolution of
wave-formed ripples in the presence of waves or waves and
currents [Wikramanayake and Madsen, 1991; Wiberg and Har-
ris, 1994; Traykovski et al., 1999], (3) the relationship between
excess boundary shear stress and the entrainment of sediment
[Hill et al., 1988; Drake and Cacchione, 1989; Vincent and
Green, 1990; Wikramanayake and Madsen, 1992; Madsen et al.,
1993], and (4) the further validation or investigation of simple,
commonly employed turbulence closure methods for neutral
[Madsen and Wikramanayake, 1991; Wiberg, 1995] and strati-
fied [Villaret and Trowbridge, 1991; McLean, 1992] flow re-
gimes. Some of these independent investigations have also
produced simple models to describe these processes given a
minimal description of the wave, current, and sediment envi-
ronment. The collective results, however, have not been fully
synthesized into a single continental shelf bottom boundary
layer model. An improved bottom boundary layer model there-

fore has been developed to incorporate, either directly or
through future validation efforts with field data, the theoretical
concepts from some of these studies.

The theoretical model presented here is an extension of the
Glenn and Grant [1987] (hereinafter referred to as GG) strat-
ified bottom boundary layer model. The GG model originally
was developed for the constant stress portion of the flow above
a noncohesive movable sediment bed. GG adopted the Grant
and Madsen [1979] turbulence closure scheme and modified
the eddy viscosity to include a correction for suspended sedi-
ment-induced stratification. Although the GG model incorpo-
rates a number of important physical processes such as wave
and current interaction and a movable sediment bed, the dis-
continuous eddy viscosity and stability parameter profiles they
use lead to an artificial kink in the current and concentration
profiles at the top of the wave boundary layer. The disconti-
nuity will have a strong influence on the model’s ability to
predict accurately the stratification correction, the velocity and
concentration profiles, and therefore the associated sediment
transport. Because the bottom stress is related to the product
of the flow shear times the eddy viscosity evaluated at the bed,
the discontinuity at the top of the wave boundary layer is likely
to have less effect on the bottom stress estimates.

An improved continuous eddy viscosity formulation for un-
stratified flows, which removes the artificial kink in the current
and concentration profiles, has been suggested by Glenn [1983]
and Madsen and Wikramanayake [1991] in lieu of the discon-
tinuous form originally proposed by Smith [1977] and Grant
and Madsen [1979]. Madsen and Wikramanayake [1991] dem-
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onstrated that computed velocity profiles based on the contin-
uous eddy viscosity compared more favorably to velocity pro-
files obtained from flume data and a numerical model than do
profiles based on the Grant and Madsen [1986] model. Wikra-
manayake and Madsen [1992] and Wikramanayake [1993] ex-
tended the Madsen and Wikramanayake [1991] wave and cur-
rent model to include the periodic and mean suspended
sediment concentration but did not include suspended sedi-
ment–induced stratification. Lee and Hanes [1996] incorpo-
rated the Wikramanayake [1993] model as a modular compo-
nent of an advective/diffusive model to predict unstratified
suspended sediment concentration profiles in the near-shore
region off Vilano Beach, Florida. They showed that for high
wave conditions the Wikramanayake [1993] model was in good
agreement with their field observations. Lynch et al. [1997]
demonstrated that the vertical structure of the mean sus-
pended sediment concentration they measured off the north-
ern California coast was qualitatively similar to profile esti-
mates derived from the Wikramanayake and Madsen [1992]
model. Therefore several field and laboratory studies have
concluded that the improved eddy viscosity model first pre-
sented by Glenn [1983] and later revisited by Madsen and
Wikramanayake [1991] and Wikramanayake and Madsen [1992]
is more accurate in predicting current and concentration pro-
files than the simpler model developed by Grant and Madsen
[1979, 1986] for unstratified conditions. This is especially im-
portant for sediment transport studies since the horizontal
transport is a function of the current and concentration profiles.

All these models more or less stem from earlier versions of
the Grant and Madsen [1979] bottom boundary layer model,
with changes mainly associated with the eddy viscosity formu-
lation; however, less has been done to account for suspended
sediment–induced stratification in combined wave and current
flows. Wiberg and Smith [1983] and GG have treated the case
exclusively for the constant stress region. Wiberg and Smith
[1983] presented two eddy viscosity formulations that included
the linear discontinuous form originally presented by Smith
[1977] and Grant and Madsen [1979] and a more complex
linear form modified by an exponential decay. Although phys-
ically sound, their exponential function requires a numerical
solution even when stratification can be neglected. GG used
the Grant and Madsen [1979] discontinuous eddy viscosity to
obtain a simpler solution but neglected the stratification cor-
rection within the wave boundary layer. Their decision was
based on scaling arguments that demonstrated that for this
specific form of the eddy viscosity the stratification correction
in the wave boundary layer was small. Because the current and
concentration profiles, which depend on the eddy viscosity
profile, are coupled through the stratification correction, it is
unclear whether the stratification term can be neglected within
the wave boundary layer if an alternative eddy viscosity is used.
In addition, the stratification correction within the wave
boundary layer for a continuous eddy viscosity should also
remain continuous if consistency is to be maintained. There-
fore the primary purpose here is to revisit the stratification
correction and eddy viscosity formulation to improve our mod-
eling capabilities for boundary layer flows and sediment trans-
port on stratified, storm-dominated continental shelves. An
additional constraint is to maintain an efficient solution since a
primary application is to couple this bottom boundary layer
model to existing shelf circulation models [e.g., Keen and
Glenn, 1994, 1995].

Section 2 presents the theoretical model emphasizing the

need for an improved eddy viscosity formulation, the methods
used to close the turbulence fluxes for mass and momentum,
and the scaling of the stability parameter in the wave boundary
layer for a continuous eddy viscosity formulation. This is fol-
lowed by a comparison between unstratified and stratified ver-
sions of the model and an analysis of model sensitivity to
sediment grain size distributions and empirically derived
model coefficients. Finally, the major results of this study are
summarized.

2. Theoretical Model
The theoretical model presented here follows from Grant

and Madsen [1986] and GG, in which the horizontal ( x , y)
components of velocity (u , v) are first Reynolds averaged and
then divided into independent wave (uw, vw) and current
(uc, vc) contributions, i.e.,

u 5 uc 1 uw 1 u9
(1)

v 5 vc 1 vw 1 v9 ,

where u9 and v9 are the turbulent velocity fluctuations. By
further employing the usual boundary layer and linear approx-
imations and assuming a time-independent eddy viscosity the
momentum equation is averaged over a wave period to pro-
duce the following governing equation for the current:

tc

r
5 K

U
 z , (2)

where tc is magnitude of the Reynolds stress averaged over a
wave period evaluated at the bed, r is the fluid density, K is the
time-independent eddy viscosity, U 5 (uc

2 1 vc
2)1/ 2 is the

magnitude of the current, and z is the vertical coordinate
measured positive upward from the bed.

For suspended sediment it is customary to assume sediment
concentrations are large enough to be treated as a continuum
yet small enough to neglect individual particle interactions. To
include heterogeneous sediments, GG divided the sediment
mixture into distinct phases, each characterized by a unique
density and grain size class. By similarly dividing the volumetric
concentration (cm3 of sediment per cm3 of mixture) into mean
(Cnm), periodic (Cnp), and turbulent (c9) components,

C 5 Cnm 1 Cnp 1 c9 , (3)

for each size/density class n and applying conservation of mass
to each class, the equations governing the mean concentrations
become

wfn

Cnm

 z 1


 z SKs

Cnm

 z D 5 0, (4)

where wfn
is the particle-settling velocity for each class and Ks

is the eddy diffusivity for suspended sediment. Equation (4) is
the well-known relationship describing an equilibrium sedi-
ment concentration profile where the upward turbulent flux of
sediment is balanced by gravitational settling.

2.1. Eddy Viscosity

Grant and Madsen [1979] suggest the following simple, two-
layer eddy viscosity to close the fluid momentum equation:

K 5 ku*cw z , z # dw,
(5)

K 5 ku*c z , z . dw,

STYLES AND GLENN: MODELING STRATIFIED WAVES/CURRENT BOUNDARY LAYERS24,120



where k is von Karman’s constant (0.4), u* 5 =t /r is the
shear velocity, t is the magnitude of the shear stress, and dw is
the wave boundary layer height. The characteristic shear ve-
locity within the wave boundary layer, u*cw, is written in terms
of the maximum shear stress for the wave plus the current
[Grant and Madsen, 1979]. Outside the wave boundary layer
the shear stress is associated with the time-averaged current
only, so the characteristic shear velocity, u*c, is derived from
the time-averaged current.

One weakness in the Grant and Madsen [1979] and GG
models is a discontinuity in the eddy viscosity at the top of the
wave boundary layer. Previous work for the pure wave case can
help define an alternative formulation that is continuous.
Grant and Madsen [1986] presented a comparison between
modeled and measured profiles of the maximum wave velocity
and phase in an oscillatory boundary layer. Their results indi-
cate that an eddy viscosity that increases linearly throughout
the wave boundary layer is less accurate than one that starts off
linearly increasing near the bed, but then decays, through an
exponential modulation, as the top of the wave boundary layer
is approached. Their results are consistent with oscillatory
boundary layers in which a transition region exists that sepa-
rates the log layer near the bed from the potential flow region
above the wave boundary layer. In the transition region the
magnitude of the wave shear is weakening, with a correspond-
ing reduction in the production of turbulent kinetic energy
(TKE). The exponential modulation used by Grant and Mad-
sen [1986] reduces the value of the eddy viscosity in the tran-
sition region in accordance with the reduction in TKE produc-
tion. The much larger linearly increasing eddy viscosity, on the
other hand, overestimates the turbulent transport in the tran-
sition region and leads to the poorer comparison between the
magnitude of the velocity profile and phase demonstrated by
Grant and Madsen [1986]. On the basis of the wave data of
Jonsson and Carlsen [1976], Nielsen [1992] constructed an eddy
viscosity profile that also revealed a structure similar to the
linear exponential form. A linear eddy viscosity modulated by
an exponential decay has been suggested to model combined
flows as well [Wiberg and Smith, 1983; Glenn, 1983; GG]. An
analytical solution to the governing equations, however, is not
possible using a linear eddy viscosity modified by an exponen-
tial decay.

As an intermediate alternative, continuous eddy viscosity
profiles that are linearly increasing near the bed and then
constant in the transition region have been proposed. Because
the exponential modulation is weak for small z , the linearly
increasing eddy viscosity is similar to the linear exponential
form near the bed. In the transition region the linear exponen-
tial decay formulation smoothly reaches a maximum. In the
vicinity of the maximum the linear exponential decay formu-
lation can be approximated by a constant eddy viscosity. For a
wave boundary layer embedded within a larger current bound-
ary layer the production of TKE due to the current shear can
still be significant above dw. In this region a linearly increasing
eddy viscosity is appropriate if the characteristic velocity scale
is altered to include only the contribution from the time-
averaged shear stress. For this study the following three-layer
eddy viscosity profile is chosen as it combines the formulation
for the pure wave case with a combined wave and current
boundary layer:

K 5 ku*c z , z2 , z ,

K 5 ku*cw z1, z1 , z # z2, (6)

K 5 ku*cw z , z0 # z # z1,

where z0 is the hydrodynamic roughness, z1 is an arbitrary
scale that defines the lower boundary of the transition layer,
and z2 5 z1u*cw/u*c, which is determined by matching the
eddy viscosities at z 5 z2. Similar to the Grant and Madsen
[1979] eddy viscosity model, the characteristic velocity scales
within and above the wave boundary layer are u*cw and u*c,
respectively. To remove the discontinuity, an additional layer is
inserted between the inner and outer layers that scales with
u*cw and the length scale z1. The eddy viscosity in this tran-
sition region reflects the contribution to the stress by the com-
bined flow while ensuring that the decrease in turbulence
transport associated with the wave is represented through the
constant length scale z1, rather than the linearly increasing
length scale z . The three-layer eddy viscosity model for this
application was first proposed by Glenn [1983] and later revis-
ited by Madsen and Wikramanayake [1991].

2.2. Stability Parameter

The effects of vertical stratification on the momentum bal-
ance are expressed through a modification to the neutral eddy
viscosity,

K strat 5
K

1 1 b
z
L

, (7)

with a similar modification for the turbulent diffusion of sed-
iment mass,

Ks strat 5
K

g 1 b
z
L

, (8)

where g and b are constants, L is the Monin-Obukov length,
and the ratio z/L is the stability parameter described below
(GG). On the basis of estimates obtained from thermally strat-
ified flows in the atmospheric boundary layer [Businger et al.,
1971], GG adopt values of g 5 0.74 and b 5 4.7. Even though
similarity arguments suggest that the stratified flow analogy is
valid for continental shelf bottom boundary layers, caution
must be used when assuming that empirically determined co-
efficients derived for thermally stratified flows in air will apply
to flows stratified by suspended sediment in water. Villaret and
Trowbridge [1991] addressed this issue by comparing previously
reported laboratory measurements of suspended sediment
concentration and current profiles with a theoretical model
that incorporates the effects of suspended sediment–induced
stratification in a similar manner as presented here. They
found the stratified flow analogy for suspended sediment–
induced stratification was valid for the steady current and con-
centration data they examined and that empirically derived
coefficients were consistent with what had been reported for
thermally stratified atmospheric boundary layers. As was done
by Wiberg and Smith [1983] and GG, a neutral eddy viscosity
modulated by a buoyancy term is assumed to remain a valid
and useful approximation to describe the first-order effects of
suspended sediment–induced stratification in a combined wave
and current boundary layer.
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Following Stull [1988], the Richardson flux number for hor-
izontally homogeneous flow can be defined by

Rf 5

g
r#

r9w9

u9w9
U#

 z 1 v9w9
V#

 z

5
K strat

u*
4

g
r#

r9w9 , (9)

where g is the acceleration due to gravity, r# is the Reynolds
averaged density, r9 is the turbulent density fluctuation, U# and
V# are the horizontal components of the Reynolds averaged
velocity, w9 is the vertical component of the turbulent velocity
fluctuations, and u* is a to-be-determined characteristic shear
velocity. The terms u9w9 and v9w9 are the familiar horizontal
components of the Reynolds stress, and r9w9 is the Reynolds
flux for sediment mass. The second equality in (9) indicates
that the stratified eddy viscosity has been used to eliminate the
vertical shear. The Richardson flux number is related to the
stability parameter by Rf 5 (Kstrat/K)( z/L) [Turner, 1979].
Using this relation and (9), the stability parameter becomes

z
L 5

K
u*

4

g
r#

r9w9 . (10)

In the constant stress layer it is assumed that temperature and
salinity are well mixed so that the only source of flow stratifi-
cation is suspended sediment. Following Glenn [1983], r9 and
r# can be expressed in terms of the sediment concentration,
giving

r9 5 r O
n51

N

~sn 2 1!c9n (11)

r# 5 rF 1 1 O
n51

N

~sn 2 1!CnG . r , (12)

where N is the total number of sediment size/density classes,
Cn is the Reynolds averaged concentration (Cn 5 Cnm 1
Cnp), and sn 5 rsn/r , (rs 5 sediment density) is the relative
sediment density for each size/density class n . Substituting (11)
and (12) into (10), the stability parameter becomes

z
L 5

K
u*

4 O
n51

N

g~sn 2 1! c9nw9 . (13)

Rewriting (13) using the stratified eddy diffusivity to represent
the Reynolds flux for sediment mass results in the following
expression for the stability parameter:

z
L 5 2

K
u*

4 O
n51

N

g~sn 2 1! Ks strat

Cn

 z . (14)

2.3. Wave Friction Factor and the Determination
of the Bottom Stress

As mentioned above, the maximum instantaneous shear
stress for the combined flow is the vector sum of the time
average of the instantaneous shear stress, tc, plus the maxi-
mum shear stress associated with the wave, twm:

tcw 5 tc 1 twm, (15)

where boldface denotes a vector. Writing (15) in terms of the
shear velocities and taking the magnitude gives

u*
2

cw 5 CRu*
2

wm, (16)

where

CR 5 F 1 1 2S u*c

u*wm
D 2

cos fcw 1 S u*c

u*wm
D 4G 1/ 2

, (17)

fcw (08 # fcw # 908) is the angle between the current and
the wave, and the x axis has been aligned to coincide with twm

[Grant and Madsen, 1986].
As has been done in the past, the calculation of the bed

shear stress is simplified by introducing a wave and current
friction factor fcw that relates the magnitude of the maximum
shear stress for the wave, twm, to the magnitude of the near-
bed orbital velocity, ub:

twm 5
1
2 fcwCRrub

2, (18)

where the effect of the enhanced current is expressed through
CR [Grant and Madsen, 1986]. When u*c 3 0, CR 3 1 and
(18) produces the usual expression for the shear stress for pure
wave motion. As CR increases, twm becomes larger, represent-
ing the enhancement of the wave stress by the time-averaged
current.

The magnitude of the maximum shear stress for the wave
under neutral conditions can also be expressed as

twm 5 lim
z3z0

S rKU uw

 z U D , (19)

where u u denotes the modulus. Equation (19) can be simplified
by introducing the nondimensional wave shear

Gcw ;
1
ub

lim
j3j0

S U uw

j
U D , (20)

where j 5 z/lcw is the nondimensional vertical coordinate,
lcw 5 ku*cw/v is the scale height of the wave boundary layer,
v is the wave radian frequency, and j0 5 z0/lcw is the nondi-
mensional hydraulic roughness. Gcw can be derived from the
solution to the wave shear, which is presented in Appendix A.
Introducing (20) into (19) and substituting the neutral eddy
viscosity from (6) gives

twm

r
5 kj0u*cwubGcw. (21)

By substituting (21) into (18) and using (16), an alternative
expression for the wave friction factor can be derived:

fcw

2 5 ~kj0Gcw!2. (22)

Inspection of the terms that define Gcw (see Appendix A)
shows that fcw is only a function of the nondimensional pa-
rameters j0, j1 5 z1/lcw, j2 5 z2/lcw, and « 5 u*cw/u*c.
Because the eddy viscosity profile is continuous, we have the
additional constraint that j2 5 j1«, leaving only three indepen-
dent parameters, j0, j1, and «. The first two can be simplified
further.

Using the Nikuradse equivalent sand grain roughness, z0 can
be written as
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z0 5
kb

30 , (23)

where kb is the physical bottom roughness length. Using (23),
along with (16) and (18), the equation for j0 becomes

j0 5
kb

30lcw
5

kb

30k Îfcw/ 2 CRAb
, (24)

where Ab 5 ub/v is the near-bottom excursion amplitude of
the wave motion. This indicates that the nondimensional
roughness length j0 is a function of fcw and kb/CRAb.

In the past the height z1 has been specified as a constant
times the scale height of the wave boundary layer ( z1 5 alcw).
Experimental values for a span an order of magnitude ranging
from 0.15 for waves in a laboratory flume [Madsen and Wikra-
manayake, 1991] to 2.0 based on sediment concentration pro-
files measured in the field [Lynch et al., 1997]. Since the pur-
pose here is to examine the quantitative features of a
theoretical bottom boundary layer model, a will remain a free
parameter and its sensitivities will be investigated. The nondi-
mensional height j1 is now equal to a, which gives j2 5 j1« 5
a«. The friction factor in (22) now becomes a function of
kb/CRAb, a , and «. This is different from the friction factor
derived from the Grant and Madsen [1986] two-layer eddy
viscosity model, where fcw is only a function of the first non-
dimensional parameter kb/CRAb.

Figure 1 shows fcw as a function of CRAb/kb for « 5 2.1 and
a 5 0.5 and shows the Grant and Madsen [1986] wave friction
factor for comparison. The value a 5 0.5 has been suggested
by Madsen and Wikramanayake [1991] for modeling currents in
the presence of waves, and « 5 u*cw/u*c 5 2.1 represents an
intermediate value where the magnitude of the wave and cur-
rent velocities outside the wave boundary layer are similar. The
friction factors derived from both models are the same for
large values of CRAb/kb but then diverge as CRAb/kb ap-
proaches unity. Grant and Madsen [1982], in a study of bottom
roughness associated with oscillatory, fully rough turbulent
flow, hypothesized that for Ab/kb # 1 the proper length scale
for the turbulent eddies becomes Ab and not kb. In this limit,
fcw is assumed to be constant and equal to the value obtained
by setting Ab/kb 5 1 (0.23 for pure waves). Unlike that by
Grant and Madsen [1982], the friction factor from the three-
layer eddy viscosity for combined flows is self limiting, ap-
proaching a value of about 0.16 when CRAb/kb is O(1).

As previously mentioned, fcw also is a function of the addi-
tional parameters a 5 z1/lcw and « 5 u*cw/u*c. Figure 2a
shows fcw for varying « and a 5 0.5, and Figure 2b shows the
same but with « 5 2.1 and varying a. The solutions are only
weakly dependent on changes in «, except when CRAb/kb is
less than about 1.0, in which case smaller « tends to produce
higher fcw. For CRAb/kb . 10 the effect of changing a ap-
pears minimal for the a 5 0.5 and 1.0 cases (Figure 2b). As this

Figure 1. Comparison of the combined wave and current friction factor calculated using the three-layer
model developed for this study and the Grant and Madsen [1986] model.
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ratio decreases, fcw steers toward a constant in agreement with
Grant and Madsen’s [1982] suggestion that fcw approaches a
constant value for large roughness configurations. As CRAb/kb

decreases even further, the ratio z1/z0 approaches one. For z1

less than z0 the three-layer eddy viscosity is no longer valid.
This may occur when large ripples produce large values of z0

that eliminate the lower layer. Since we are primarily inter-
ested in modeling storm sediment transport, where near-bed
wave velocities will wash out the large ripples, our concern
here is the three-layer solution.

Grant and Madsen [1986] derived their wave friction factor
solution without examining the sensitivity of CR to different
wave and current conditions. Recalling that « 5 u*cw/u*c,
(16) is substituted into (17), giving

~1 2 «4!CR
2 1 2 cos fcw«2CR 1 «4 5 0, (25)

which is quadratic in CR with the solution

CR 5
2cos fcw«2 2 Îcos2 fcw«4 2 ~1 2 «4!«4

~1 2 «4!
. (26)

Since « . 1, the minus is chosen to ensure that CR is positive.
A three-dimensional mesh plot showing the dependence of CR

on « and fcw is depicted in Figure 3. When « is large, twm

constitutes a major fraction of the total shear stress so that CR

is a minimum. As « approaches 1, CR 3 ` , which means that
the contribution to the combined stress from twm is negligible
and the solution approaches that of a pure current. Examining
how CR varies with fcw for small values of « is also interesting.
When « 5 1.5, which corresponds to the lower limit in Figure
3, CR varies between 1.1 for fcw 5 908 and 1.8 for fcw 5 08 .
Thus, when the current stress is similar to the maximum wave
stress, accurate estimates of fcw are more important. For
larger values of « (large waves) the solution for CR is much less
dependent on the relative direction between the wave and
current, and accurate estimates of fcw are not as crucial.

2.4. Solution for the Current and Suspended
Sediment Concentration

Substituting the stratified eddy viscosity and the shear veloc-
ity into (2), the governing equation for the current magnitude
becomes

u*
2

c 5 K strat

U
 z . (27)

Figure 2. Sensitivity test showing the wave friction factor calculated using the three-layer model as a
function of the parameters (a) « and (b) a. In Figure 2a, a 5 0.5, and in Figure 2b, « 5 2.1.
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Using (6) for the neutral portion of the eddy viscosity in each
of the three layers and (7) for Kstrat, (27) is integrated to give

U~ z! 5

u*c

k F ln S z
z2D 1 b E

z2

z dz
L G 1 U~ z2! , z2 , z ,

U~ z! 5

u*
2

c

ku*cw F ~ z 2 z1!

z1
1

b

z1 E
z1

z z
L dzG 1 U~ z1! , (28)

z1 , z # z2,

U~ z! 5

u*
2

c

ku*cw F ln S z
z0D 1 b E

z0

z dz
L G , z0 # z # z1,

where the boundary condition U( z0) 5 0 has been imposed
along with the requirement that U( z) is continuous at z1 and
z2.

For the mean suspended sediment concentration, (4) is ver-
tically integrated to give

wfnCnm 1 Ks strat

Cnm

 z 5 const, (29)

where Ks strat has been substituted for Ks and the constant is
set equal to zero since at the top of the boundary layer there is
no upward turbulent flux out of the boundary layer and no
sediment falling downward from above. Using (6) to represent

the neutral portion of the eddy viscosity in Ks strat, the solution
for the mean concentration given in (29) becomes

Cnm~ z! 5 Cnm~ z2!S z
z2D 2gwfn/ku

*
c

exp F 2 bwfn

ku*c E
z2

z dz
L G ,

z2 , z ,

Cnm~ z! 5 Cnm~ z1!e2gwfn~ z2z1!/ku
*

cwz1 exp F 2 bwfn

ku*cwz1 E
z1

z z
L dzG ,

z1 , z # z2, (30)

Cnm~ z! 5 Cnm~ z0!S z
z0D 2gwfn/ku

*
cw

exp F 2 bwfn

ku*cw E
z0

z dz
L G ,

z0 # z # z1,

where the concentration at the lower boundary, Cnm( z0),
equals an independently prescribed reference value and the
requirement that the solution be continuous at z1 and z2 has
been imposed.

The current profile in (28) is controlled by the two terms
appearing in square brackets. The first term represents the
neutral solution, where the z dependence is described by a
logarithmic function in the inner and outer layers and a linear
function in the transition layer. The neutral solution is identi-

Figure 3. Three-dimensional gridded mesh plot showing CR as a function of « and fcw, where « ranges from
a minimum of 1.5 to a maximum of 10 and the grid is spaced in increments of 1

2
for « and 58 for fcw.
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cal to that obtained by Glenn [1983] and Madsen and Wikra-
manayake [1991]. The second term represents the correction
for suspended sediment–induced stratification, where the ver-
tical variation is regulated by the integral of 1/L in the inner
and outer layers and by the integral of z/L in the transition
layer. This is different from the GG model, which neglects the
stability parameter in the wave boundary layer. For the special
case when z/L is constant the vertical dependence for the
current remains logarithmic in the inner and outer layers and
linear in the transition layer. This behavior for the log layer was
also demonstrated by GG for the two-layer eddy viscosity
model.

The concentration equation in (30) is also modulated by two
factors representing neutral and stratified solutions. The mid-
dle factor on the right-hand side of (30) represents the neutral
solution, where a classic Rouse-like profile in the inner and
outer layers is separated by an exponential decay in the tran-
sition layer. This is similar to the concentration profile ob-
tained by Glenn [1983] and Wikramanayake and Madsen
[1992]. The final exponential factor represents the stratifica-
tion correction. Like the current, the vertical dependence of
the stratified solution is the same as the neutral solution only
when z/L is constant.

2.5. Determination of the Stability Parameter

Examination of the stability parameter given in (14) shows
that the buoyancy-related term is a function of the Reynolds
averaged concentration gradient, which depends on both the
mean and periodic concentration. In the transition layer and
above, the periodic concentration gradient is an order of mag-
nitude less than the mean concentration gradient [Glenn,
1983]. Even though the stability parameter is large enough to
affect the current solution in this region, the effect of the
periodic concentration gradient is negligible. On the basis of
the assumption that the Reynolds averaged concentration eval-
uated at the bed is a function of the absolute value of the
instantaneous shear stress, Glenn [1983] concluded that the
boundary condition for the periodic concentration within the
wave boundary layer could not be expressed as a simple peri-
odic function of time and must be solved numerically. Within
the inner layer the periodic concentration gradient can be the
same order of magnitude as the mean concentration gradient.
However, the stability parameter will be small simply because
of the smallness of z and will have little effect on the current
and mean sediment concentration solutions. Without including
the periodic concentration the stability parameter in (14) re-
duces to

z
L 5 2

K
u*

4 O
n51

N

g~sn 2 1! Ks

Cnm

 z . (31)

By substituting (29) into (31) the alternative expression

z
L 5

K
u*

4 O
n51

N

g~sn 2 1!wfnCnm (32)

is obtained. The remaining step is to obtain appropriate rep-
resentations for the characteristic shear velocity in each of the
three layers defined by the eddy viscosity profile.

The modulus of the theoretical wave velocity derived in
Appendix A and the associated wave shear are functions of the
vertical coordinate. Because the modulus of the wave shear

remains inversely proportional to z only in the limit where z
goes to z0, the product of the eddy viscosity and the wave shear
is not constant throughout the wave boundary layer. This
means that the maximum wave shear stress tw will also be a
function of z even though the time-averaged shear stress is
constant. The maximum shear velocity for the combined flow
at any level z is related to tw and current stress components by

u*
2 5

1
r

utc 1 twu .
1
r#

utc 1 twu . (33)

Writing the stresses in (33) in terms of their respective shear
velocities and taking the magnitude gives

u*
2 5 Îu*

4
c 1 2u*

2
cu*

2
w cos fcw 1 u*

4
w. (34)

The time-averaged shear velocity u*c is constant over the
constant stress layer, so that the problem of finding the char-
acteristic shear velocity to define the stability parameter is
reduced to obtaining an appropriate expression for the shear
velocity for the wave. This is determined through a gradient
transport relation that relates the product of the eddy viscosity
and the wave shear to the wave stress.

Using the nondimensional coordinate j 5 z/lcw, the small
argument approximation to the Kelvin functions given by
Abramowitz and Stegun [1964] can be used to determine the
wave solution in the range j , j1:

uw 5 ub 1 A# 2
B#

2 S ln j 1 1.154 1 i
p

2D , (35)

where A# and B# are complex constants [Grant, 1977]. Taking
the derivative of (35) with respect to j gives the wave shear,

uw

j
5 2

B#

2j
, (36)

which when multiplied by the eddy viscosity (K 5 ku*cwjlcw)
shows that the wave shear stress is constant and equals the
maximum bed shear stress for the wave, twm 5 ru*

2
wm. Thus

for j , j1 the wave shear velocity is approximated by u*wm.
With this substitution, u*

2 5 u*
2

cw. For j . j2 the shear stress
associated with the wave is negligible and the stress for the
current is still constant. In this region, u*

2 5 u*
2

c. Therefore
the characteristic velocity scales for the inner and outer layers
are identical to those originally adopted by GG.

In the transition region (j1 , j , j2) the neutral eddy
viscosity that defines the stability parameter in (32) is constant
(K 5 ku*cwlcwj1). If u*cw is chosen as the characteristic
velocity scale, then the production-related term u*

4/K is equal
to u*

3
cw/kz1. This is the same as the production-related term

for the inner layer evaluated at z1, so the stability parameter is
continuous at z1. By substituting z2 for z1u*cw/u*c, the pro-
duction-related term in the transition region can alternatively
be written u*

4
cw/ku*cz2. The production-related term in the

outer layer evaluated at z2 is u*
3

c/kz2, which indicates that the
production-related term and hence the stability parameter in
the transition region are discontinuous at z2. By the same
method, if u*c is chosen as the characteristic velocity scale,
then the production-related term in the transition region can
be written u*

3
c/kz2 and the stability parameter will be contin-

uous at z2 but discontinuous at z1. Because one of the goals of
this study is to maintain a continuous stratified eddy viscosity,
an alternative characteristic shear velocity is selected to ensure
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the production-related term and the associated stability pa-
rameter remain continuous across the transition region.

For the transition region, j is no longer small and it is no
longer valid to use the small argument approximation to the
Kelvin functions to obtain the solution for the wave. A formal
approach would be to solve explicitly for the wave stress and to
substitute the values into (34). This approach, however, is not
in the spirit of the original goal of developing a simple model
that can be efficiently applied at every grid point in a three-
dimensional shelf circulation model. An approach that is con-
sistent with this goal and preserves the wave contribution to
the total stress to first order is approximating u*

2 in the region
j1 # j # j2 using a function that maintains the general func-
tional form of the wave stress but with a much simpler expres-
sion that can be prescribed independent of the details of the
wave solution. Inspection of the wave solution in the range
j1 # j # j2 (equation (A17)) can be used to show that the
vertical decay for the wave shear is exponential. Maintaining
an exponential form for the j dependence, the characteristic
shear velocity in the range j1 # j # j2 is approximated by

u*
2 . c1ej 1 c2e2j, (37)

with the boundary conditions u*
2 5 u*

2
cw at j 5 j1 and u*

2 5
u*

2
c at j 5 j2. Using these boundary conditions to compute the

constants in (37), u*
2 becomes

u*
2 . u*

2
t 5

u*
2

c sinh ~j 2 j1! 1 u*
2

cw sinh ~j2 2 j!

sinh ~j2 2 j1!
, (38)

j1 , j , j2,

where u* t is now the characteristic shear velocity representing
the wave stress in the transition region. At j 5 j1, u*

2
t equals

u*
2

cw; u*
2

t then continuously decays to u*
2

c at j 5 j2.
The exact solution to the wave shear will depend on the

parameters a and «, which influence j1 and j2. Figure 4 is a
matrix of plots depicting u*

2 calculated from the exact wave
solution presented in Appendix A and the approximation (38)
for « 5 2, 5, and 10 (increasing influence of the wave) and a 5
0.15, 0.5, and 1.0 (increasing inner layer thickness). For « 5 2
the departure of the approximation from the exact solution is
greatest in the outer layer when a 5 0.15. The departure from
the exact solution is similarly large near the bed when a 5 1.0.
For « 5 5 the match between the exact solution and the

Figure 4. Comparison between the characteristic shear velocity defined in (38) (solid) and the exact solution
(dashed) derived using the theoretical wave shear stress. The rows correspond to advancing «, and the columns
correspond to advancing a.
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approximation is improved for all a. For « 5 10 the compar-
ison is further improved for a 5 0.15. In addition, the form of
the approximate solution in response to changes in a possesses
a distinct pattern at the extremes j1 and j2. For a 5 0.15 and
« 5 5 or 10 the approximate solution is more smooth at j 5 j1

and more kinked at j 5 j2. For a 5 1.0 the pattern is reversed.
In all nine cases, the wave shear stress approaches a constant
near the bed, supporting the use of u*wm to represent the
characteristic shear velocity for the wave in (34) when j , j1.

The stability parameter in each of the three layers can now
be written in terms of z as

z
L 5

K
u*

4
c
O
n51

N

g~sn 2 1!wfnCnm, z2 , z ,

z
L 5

K
u*

4
t
O
n51

N

g~sn 2 1!wfnCnm, z1 , z # z2, (39)

z
L 5

K
u*

4
cw
O
n51

N

g~sn 2 1!wfnCnm, z0 # z # z1.

Utilizing (38) to represent the characteristic shear velocity in
the transition region not only preserves the contribution from
the wave to the total but also insures that z/L , and therefore
the stratified eddy viscosity, remains continuous throughout
the constant stress layer.

GG chose to neglect the stability parameter in the wave
boundary layer on the basis of a systematic scaling analysis that
showed z/L was at most O(1022) for their model during typical
storm conditions expected in the field. Using these same argu-
ments, order of magnitude estimates for the above stability
parameter in the three-layer model can be calculated and re-
sults can be compared to GG. Below z1 the two models are
identical so that the scaling results obtained by GG, which
show that z/L is small and can be neglected, also apply to the
three-layer model. For z1 , z , z2 the stability parameter is
found by inserting the second equation in (30) into the second
equation in (39), giving

z
L 5

ku*cwz1

u*
4

t
O
n51

N

g~sn 2 1!wfnCnm~ z1!e2gwfn~ z2z1!/kz1u*cw

z exp F 2bwfn

ku*cwz1 E
z1

z z
L dzG . (40)

Inspection of (40) shows that the vertical dependence is con-
trolled by the inverse of a production-related factor u*

4
t/

ku*cwz1 and two exponential factors. In the transition region
all three factors cause the stability parameter to decrease with
increasing z . Because the goal is to obtain an upper bound on
z/L , the arguments of the exponential terms are set equal to 0.
This defines the maximum stability parameter,

z
LU

max

;
ku*cwz1

u*
4

t
g~s 2 1!wfCm~ z1!e2gwfn~ z2z1!/kz1u

*
cw, (41)

z1 # z # z2,

where only one grain size class has been assumed to simplify
the discussion. In their scaling analysis, GG adopt values of

k 5 0.4, z0 5 0.1 cm, g 5 980 cm s22, u*cw 5 5.0 cm s21,
s 5 2.65, wf 5 1 cm s21, and Cm( z0) 5 1.0 3 1023. In
addition, typical values for the following variables must be
defined for the three-layer model: u*c 5 1.0 cm s21, g 5 0.74,
a 5 0.5, and z1 5 2.5 cm. Since the stratification correction
can only act to reduce further the concentration, inserting the
above values into the unstratified version of (30) gives a max-
imum suspended sediment concentration at z 5 z1 of
Cm( z1) 5 3.04 3 1024. Using this value for the concentra-
tion in (41) translates to a stability parameter estimate of
z1/L 5 3.9 3 1023, which is an order of magnitude smaller
than that obtained by GG, who showed that z/L in the wave
boundary layer is small and can be neglected. At z 5 z2 5
z1u*cw/u*c the characteristic shear velocity u* t is equal to
u*c, so that (41) yields z2/L 5 2.5. For the three-layer model
used here the stability parameter is O(1) for z1 , z , z2 and,
unlike GG, cannot be neglected in the transition layer. We
therefore choose to retain the stability parameter throughout
the wave boundary layer in this model. This has implications
for sediment transport prediction, where the more idealized
eddy viscosity used by GG may artificially reduce the influence
of stratification in the wave boundary layer and therefore over-
predict the transport for these storm conditions.

2.6. Solution Procedure for the Mean Current
and Concentration

The solution for the current and the mean suspended sedi-
ment concentration for a stratified bottom boundary layer can
now be completely specified given the following set of input
variables: Cnm( z0), u*c, kb, Ab, ub, and fcw. Because ap-
plication of this model for the continental shelf requires mea-
surements of the near-bottom flow field to obtain the wave
parameters, it is often more convenient to prescribe the mean
current ur at a known height above the bed, zr, which, for
computational purposes, is equivalent to specifying u*c. With
this substitution the input variables now become Cnm( z0), ur,
zr, kb, Ab, ub, and fcw, all of which, except for the boundary
values kb and Cnm( z0), are measurable by a single high-
frequency current meter/pressure sensor combination. Given
these boundary values from other sources, the solution for the
coupled boundary layer equations proceeds as follows.

The first step is to determine initial estimates for u*c and
u*cw. Because the speed of convergence is generally much
faster when the stratification correction is not included, the
neutral version is run and the computed values of u*c, u*cw,
fcw, and CR are input into the first iteration of the stratified
model. Given these initial estimates, j0 is defined through (24),
and j and j2 are determined from a and «, where a is pre-
sumed known and « 5 u*cw/u*c. The nondimensional length
scales j0, j1, and j2 along with « are substituted into Gcw, which
is solved using the polynomial approximations of the Kelvin
functions given by Abramowitz and Stegun [1964]. Once Gcw is
known, fcw is determined from (22), which in turn is used to
estimate u*wm through (18) and update CR and u*cw through
(17) and (16), respectively. The updated values are then used
to recalculate j0, j2, and « to produce a new friction factor.
This inner loop is repeated until u*cw converges. The shear
velocities and reference concentration are then used to deter-
mine the concentration profile for a neutral ( z/L 5 0) bound-
ary layer. The resulting profile is inserted into (39) to define
the stability parameter, which is inserted back into (30) to
update the concentration profile. The procedure is repeated
until the stability parameter converges. Once the stability pa-
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rameter is known, it, along with zr and the initial guess value of
u*c, is inserted into (28) to determine U( zr). If U( zr) does
not equal ur, then the procedure starting with the stratified
model is repeated with a new u*c until the calculated current
equals ur. Because it is not possible to obtain an algebraic
expression for u*c from (28), the solution must be determined
iteratively. For this study the secant method is chosen to up-
date u*c because it is rapidly convergent for many nonlinear
problems if the initial estimate is sufficiently close to the actual
value.

3. Theoretical Model Comparisons
and Model Sensitivities

An analysis of nearly 2 years of wave and bottom current
data collected at the ;12 m isobath off the southern coast of
New Jersey identified 19 storms in 1994 and 1995 [Styles, 1998].
Storm activity in 1994 was more frequent and produced gen-
erally higher wave heights and bottom currents than activity in
1995. The first storm, recorded in March 1994, produced sig-
nificant wave heights of 3 m with peak periods of 8.3 s and
bottom current magnitudes of nearly 30 cm s21 at a height of
2 m off the bed. Although this first storm was not the largest,
it did fall within the top 25% of all the storms on the basis of
significant wave height measurements. It is therefore chosen as
a representative example of storm conditions that can be ex-
pected to occur several times a year for this area.

In addition to wave and bottom current data the bottom
boundary layer model requires as input bottom roughness
length, sediment reference concentration, and sediment grain
diameter. Section 1 mentioned that a number of independent
bottom roughness and reference concentration studies have
been carried out by other investigators. To incorporate the
results of these studies, some of which have undergone further
upgrades since they were initially published [Styles, 1998], is
beyond the scope of this paper. The purpose here, rather, is to
introduce the core component of an evolving bottom boundary
layer model that will eventually include many of these new
features. As an alternative, we have chosen representative val-
ues for bottom roughness and reference concentration as pro-
duced by GG, which are adequate for this theoretical test.

Surface sediment samples have also been collected at the
same location as the wave and current measurements. The
results indicate a mixture of mostly medium to fine-grained
sand in the 0.01–0.04 cm diameter range. The following series
of comparisons were all conducted using several sediment
grain diameters over an even broader range. Each case pre-
sented here is limited to the grain diameter within the observed
0.01–0.04 cm range that most clearly illustrates the point of the
discussion.

3.1. Comparison of Neutral Versus Stratified

In this section, neutral and stratified versions of the three-
layer model are driven by the input storm data listed in Table
1 to highlight the significance of the stratification correction.
To emphasize the differences between the stratified and un-
stratified versions of the model, the grain diameter is set equal
to 0.01 cm (wf 5 0.68 cm s21). The parameter a is set to a
central value of 0.5, which was suggested by Madsen and Wikra-
manayake [1991] for modeling currents in the presence of
waves. Further tests of the stratified model will include exam-
ining the effects of different grain size classes and sensitivities
to a.

The stability parameter for the stratified model is presented
in Figure 5a; z1 and z2 are also shown for comparison. The
stability parameter is small in the wave boundary layer, peaks
at z2, and then decays monotonically throughout the outer
boundary layer. For the choice of input conditions adopted
here the stratification effect is greatest near the top of the wave
boundary layer. The associated concentration profile is de-
picted in Figure 5b along with the profile generated from the
unstratified model. The differences in the concentration esti-
mates are striking in the outer layer ( z . z2), where stratifi-
cation (as measured by the magnitude of the stability param-
eter) significantly reduces the vertical flux of suspended
sediment. Without the stratification correction, concentrations
at z 5 1000 cm are only an order of magnitude lower than at
the bed. In contrast, concentrations are reduced nearly 4 or-
ders of magnitude for the stratified model. The stratification
effect on the mean current (Figure 5c) is nearly opposite to
that of the concentration, where the greatest difference be-
tween neutral and stratified profiles occurs in the transition
region much closer to the bed than the outer region. Most
traditional measurements of the bottom boundary layer have
been made above the wave boundary layer, where the stratified
and unstratified current profiles look similar but where the
concentration profiles are different. This implies that while it
may be difficult to detect the stratification effect with tradi-
tional current measurements, it may be easier to detect it in the
concentration observations. The most significant effect of
stratification is in the sediment transport,

q~ z! 5 Cm~ z!U~ z! , (42)

which shows an order of magnitude difference in peak values
between the neutral and stratified models (Figure 5d). Total
depth-integrated sediment transport

Q 5 E
z0

h

q~ z! dz , (43)

where the height h is arbitrarily set to 1000 cm since the
contributions to the integral usually become insignificant be-
fore reaching this level, is 2 orders of magnitude greater for the
unstratified model.

The differences between the two models are also apparent in
the u*c estimates, where the neutral model predicts a value of
3.2 cm s21 compared to the lower value of 1.7 cm s21 for the
stratified version. Because the time-averaged shear stress is

Table 1. Input Parameters for Theoretical Model
Comparisons

Parameter Value

Wave
Ab, cm 79‘
ub, cm s21 60

Current
ur, cm s21 29
zr, cm 200
fcw, deg 24

Sediment/Fluid
s 2.65
g, cm s2 981
kb, cm 30.0
Cnm(z0) 0.00280
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proportional to the square of the friction velocity, this result
identifies a potentially large source of uncertainty in the mo-
mentum balance for the storm-driven shelf currents and will
likely influence any predictions derived from a coupled shelf
circulation–bottom boundary layer model.

3.2. Comparison With GG

The GG model includes a similar turbulence closure scheme
and a correction for suspended sediment–induced stratification
but has an eddy viscosity that is discontinuous with only two
layers and a stability parameter that is only applied above the
wave boundary layer. The storm data listed in Table 1 are used
to drive the two models to reveal their quantitative differences.
A grain diameter of 0.04 cm (wf 5 5.62 cm s21) is chosen to
emphasize the differences between GG and the present model.
The free parameter a, which regulates the height z1, is allowed
to vary since it is still relatively unknown for the field. Upper
(a 5 1.0) and lower (a 5 0.15) bounds are chosen to reflect the
values associated with the wave shear velocity sensitivity anal-

ysis used to simplify the stability parameter. A middle value
(a 5 0.49) is chosen so that z2 equals the height of the wave
boundary layer computed from the GG model.

Figure 6a shows the stability parameters calculated from the
GG two-layer model and this three-layer bottom boundary
layer model as a function of height off the bed. Also shown are
z2 and, for comparison, the wave boundary layer height dw as
calculated from the GG model. The stability parameter com-
puted using the GG model is maximum at dw and then mono-
tonically decreases throughout the outer boundary layer. The
stability parameters calculated from the three-layer model are
small near the bed, peak at or just below z2, and then rapidly
decay above z2. The peak identified by a 5 1.0 is smooth, while
the peaks for the other two profiles are kinked. Inspection of
Figure 4 shows that the approximations (38) for « 5 5 and 10
have a strong kink at z2 when a 5 0.15 but are smooth when
a 5 1.0. This behavior is mimicked in the stability parameter
profiles depicted in Figure 6a, where the kink is well defined at
z2 for the profiles associated with the lower two values of a.

Figure 5. Comparison between the neutral (dashed) and stratified (solid) bottom boundary layer models:
(a) stability parameter, (b) suspended sediment concentration, (c) mean current, and (d) sediment transport.
Q is the depth-integrated sediment transport defined in (43) for the neutral (N) and stratified (S) models.
Horizontal dotted lines denote the heights z1 and z2 computed from the neutral model.
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The large differences in peak values provided by GG and the
present model are attributed to the assumption on the part of
GG concerning the applicable range of the stability parameter
(section 2.3) and to the different eddy viscosity configurations.

Figure 6b depicts the concentration profiles. Unlike the
smooth three-layer model, the GG model possesses a sharp
kink and predicts a higher concentration at the top of the wave
boundary layer. This higher concentration is a result of the
linearly increasing eddy viscosity, which leads to an increase in
the turbulence flux of sediment mass between z1 and dw. The
three-layer model uses a constant eddy viscosity in this region
that is smaller, so that the sediment flux is weaker. Above dw

the GG profile has an initial sharp drop in concentration and
then a more gradual gradient throughout the outer boundary
layer. The sharp drop is a result of the stratification correction
(stability parameter) that reduces the sediment flux above dw.
The reduction in the concentration associated with stratifica-
tion for the three-layer model is less significant since the sta-

bility parameters are smaller. The presence of an artificial kink
and the sharp jump in z/L at dw, both of which arise from the
discontinuity in the GG eddy viscosity, help to rationalize the
decision to adopt a more realistic continuous eddy viscosity
formulation.

Figure 6c presents the current profiles. Model sensitivities to
changes in a are relatively weak for points very near or very far
from the bed. The profiles are more sensitive in the region 2
cm & z & 100 cm. The GG model produces lower current
speeds than the three-layer model at dw because of the dis-
continuous eddy viscosity and the neglected stability parameter
in the wave boundary layer. Because most of the suspended
load is often carried within the wave boundary layer or just
above it, accurate estimates of both the concentration and the
current in this region are important for sediment transport
studies. This accuracy may be difficult to achieve using the
more idealized GG model. To illustrate this point, Figure 6d
shows the sediment transport. Regardless of a, the GG and

Figure 6. Sensitivity of calculated model profiles to changes in a: (a) stability parameter, (b) suspended
sediment concentration, (c) mean current, and (d) sediment transport. Also shown are equivalent profiles
calculated from the GG model (dashed) including dw for comparison. Asterisks denote z2 for a 5 0.15, and
pluses denote z2 for a 5 1.0. For a 5 0.49, z2 5 dw. Numeric subscripts correspond, in increasing order, to
a 5 0.15, 0.49, and 1.0.
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three-layer model show larger differences in the current and
concentration profiles. This is because the GG model predicts
much higher concentrations and only slightly smaller currents
near dw so that the product generally reflects the greater in-
fluence of the concentration. The presence of the kink also
causes a sharp drop in transport at dw. A smooth profile is
more likely to reproduce accurately the details of the sediment
transport profile in this region. The depth-integrated transport
Q increases with increasing a, and it is in closest agreement
with the GG model when a 5 1.0 instead of when a 5 0.49.
This is a somewhat unexpected result since the latter value of
a is chosen to ensure that the wave boundary layer thickness
for both models is the same and therefore should produce
results that more closely resemble those of the GG model.

A comparison between the two models for z2 5 dw and the
same input conditions revealed that the largest differences in
Q occurred for grain sizes in the range 0.03–0.05 cm. For grain
sizes both smaller (0.01–0.02 cm) and larger (0.06–0.08 cm)
than this range the two models began to produce similar Q .
The slightly smaller grain sizes have lower settling velocities
and lead to a stronger stratification effect (see section 3.3),
while the larger grains have a much higher settling rate and
produce a negligible effect. When stratification is negligible,
both models produce similar concentration and current pro-
files except in the vicinity of dw where the profiles computed
from the GG model are kinked. In this region the GG model
predicts smaller currents but higher concentrations than the
three-layer model, so that the product tends to produce similar
sediment transport profiles and hence similar Q . Under these
storm conditions, when stratification is very strong, the stability
parameter calculated from the three-layer model (see section
3.1) is similar to the GG profile, so that the concentration and
current profiles are very similar above z2 (dw). For the inner
region and lower portion of the transition region the large
turbulent intensity associated with the wave tends to dominate
the effects of buoyancy in both models. Therefore, for strongly
stratified conditions the sediment transport values and associ-
ated Q are similar. Examination of the results depicted in
Figure 6 indicates that there is an intermediate range of grain
sizes (0.03–0.05 cm) where the GG model produces generally
higher Q .

An additional consideration that depends on the eddy vis-
cosity is the distribution of Q between the three layers. This
distribution identifies where in the water column the most
transport occurs and suggests what regions need to be more
closely targeted for modeling and observational studies de-
signed to quantify sediment transport in a combined wave and
current bottom boundary layer. To determine what layer car-
ries the greatest transport, the limits on the integral in (43) are
divided to correspond with the three layers in the eddy viscosity
formulation and the resulting individual transports computed.
These integrals are further subdivided according to a, which

will affect the distribution of Q by altering the thickness of the
individual layers.

The results for these input wave and current conditions are
listed in Table 2. In all cases, over 50% of the suspended
sediment transport is confined to the transition region ( z1 ,
z , z2). In fact, for a 5 0.15 and 0.49 the transition layer
carries at least 70% of the total transport. It therefore is es-
pecially important to have accurate estimates of the concen-
tration and current profiles (i.e., eddy viscosity) within the
transition region for these typical storm conditions. Sediment
transport, however, is also a function of grain size, with smaller
grains mixed higher into the water column. This could obvi-
ously change the vertical distribution of the sediment transport
in the bottom boundary layer.

3.3. Sensitivity to a

Using the same grain size, wave, and current parameters as
in section 3.1, model results are presented for different values
of a. Figure 7a shows the stability parameters. The peaks are
an order of magnitude greater than for the 0.04 cm grains
(Figure 6a) and are shifted slightly higher along the z axis. The
smaller grain sizes have a lower settling velocity that causes a
weaker decay in concentration with height. This leads, on av-
erage, to higher concentrations and a correspondingly greater
potential for a large buoyancy flux near the top of the transi-
tion layer where production of TKE by the wave is decreasing.
In contrast, the larger grains (Figure 6b) are not mixed as high
into the water column so that concentrations at z2 are gener-
ally too weak to produce a large buoyancy flux.

Concentration profiles are shown in Figure 7b. For small z
the stability parameter is small and the concentrations do not
significantly depart from the log-log ( z , z1) or exponential
( z1 , z , z2) variation with height indicative of the neutral
model. As the stability parameter becomes larger, the integral
terms in (30) become important. This leads to the curvature
away from the log-log or exponential behavior in the concen-
tration profiles illustrated in Figure 7b. Higher in the water
column, where the stability parameter is again small and strat-
ification is less important, the concentration begins to appear
linear when drawn on a log-log axis. The height at which
stratification becomes important is also a function of a.

For points below the stability parameter maximum the cur-
rent (Figure 7c) does not depart significantly from the classic
logarithmic ( z , z1) or linear ( z1 , z , z2) variation with
height indicative of the neutral model. As the stability param-
eter becomes larger, the current shows a definite upward cur-
vature. This departure from the neutral solution is a result of
the stratification correction in (28), which essentially links the
effects of buoyancy to the current through the eddy viscosity.
The additional influence of a is to further the spread in current
values so that at z 5 20 cm the difference in current speed
between a 5 0.15 and a 5 1.0 is a factor of about 6. Figure 7d

Table 2. Sediment Transport Q Subdivided According to the Three Regions Defined by
the Eddy Viscosity Profile1

a 5 0.15 a 5 0.49 a 5 1.0

z0 , z , z1 1.75 3 1024 (7%) 4.70 3 1023 (19%) 1.64 3 1022 (31%)
z1 , z , z2 1.79 3 1023 (76%) 1.76 3 1022 (70%) 3.19 3 1022 (59%)
z2 , z 3.97 3 1024 (17%) 3.01 3 1023 (11%) 5.44 3 1023 (10%)
Total 2.36 3 1023 2.53 3 1022 5.37 3 1022

1Units for Q are cm2 s21 and d 5 0.04 cm. Numbers in parentheses indicate percent of total.
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depicts sediment transport. Compared to the 0.04 cm grains
shown in Figure 6d, maximum transport is greater and is
shifted higher along the vertical axis because these smaller
particles are more easily lifted higher into the water column
and because the stratification correction is not important near
the bed. At a height consistent with the stability parameter
maximum the transport rapidly decays since the concentration
is decreasing at a much faster rate than the current is increas-
ing. The larger transport for the 0.01 cm grains is also reflected
in Q , which is an order of magnitude greater than that in
Figure 6d. Table 3 lists Q as a function of a for each of the
three layers. Unlike for the 0.04 cm grains, the majority of the
transport occurs in the outer layer.

3.4. Effect of Increasing the Number of Grain Size Classes

To examine further the stratification effect, the theoretical
analysis is expanded to include multiple grain size classes. To
keep the analysis relatively simple for this theoretical test, only
three grain size classes, 0.01, 0.025 (wf 5 3.01 cm s21), and
0.04 cm grains, are used. This range represents medium to fine
sand, which is expected for typical shallow continental shelves
like that observed in the Middle Atlantic Bight off the east
coast of the United States. The input parameters are the same
as above except that a is set with the intermediate value of 0.5
and the reference concentration is allowed to vary between
each grain size class. Assuming a near-Gaussian distribution,

Figure 7. Similar to Figure 5 but for a grain size of 0.01 cm. Crosses mark the height z2 for each value of a.

Table 3. Same as Table 2 but for d 5 0.01 cm

a 5 0.15 a 5 0.5 a 5 1.0

z0 , z , z1 7.09 3 1025 (,1%) 2.75 3 1023 (,1%) 1.14 3 1022 (2%)
z1 , z , z2 9.81 3 1023 (8%) 1.06 3 1021 (35%) 1.85 3 1021 (48%)
z2 , z 1.02 3 1021 (92%) 2.05 3 1021 (65%) 1.93 3 1021 (50%)
Total 1.11 3 1021 3.14 3 1021 3.89 3 1021
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the middle grain size class constitutes 50% of the total refer-
ence concentration Cm( z0) 5 2.80 3 1023, and the larger
and smaller size classes each constitute 25% of the total.

Figure 8a depicts the stability parameter using the three
grain size classes described above. For reference, z1 and z2 are
also shown. The maximum value depicted in Figure 8a is over
twice that shown in Figure 6a, where a 5 0.49, but only half
that shown in Figure 7a, where a 5 0.5. This indicates that a
mixture of heterogeneous sediments that includes the smaller
grains, but with a reduced concentration, still leads to a large
stability parameter. Sediment concentrations are depicted in
Figure 8b. Below z1, altering the bed concentration distribu-
tion leads to an interesting profile structure for these three
grain size classes. The medium-sized sediment, although it
starts off with the highest concentration in the bed, is barely
suspended above the wave boundary layer, rapidly falling out
of suspension as the turbulent intensity decreases. The smallest
sediment is mixed more uniformly through the water column,
so that above the wave boundary layer, it becomes the domi-
nant size class. This illustrates one potential problem with

using bed sediment distributions to calibrate sediment concen-
tration sensors. Although not as pronounced, the stratification
effect in the current (Figure 8c) is similar to that depicted in
Figure 7c, which is based on a single size class consisting of 0.01
cm grains.

Figure 8d shows the sediment transport profiles. The largest
grains have a vertical structure similar to that in Figure 6d, and
the smallest grains have a structure similar to that in Figure 7d.
Near the bed the current is increasing at a rate faster than the
suspended sediment is decreasing. The net effect is an increase
in sediment transport with distance from the bottom. At points
greater than about z1 the concentration associated with the
two largest grain size classes begins to decay, but the smaller
grains still have relatively high concentrations. This leads to the
decrease in transport for the two larger grains and the con-
tinuing increase in transport for the smallest grains. Eventu-
ally, concentrations for the smallest grains become so low that
the transport must vanish. The differences in the vertical struc-
ture for the three grain size classes also is reflected in the value
of Q , which varies over 2 orders of magnitude between the

Figure 8. Vertical profiles of calculated model parameters using three different grain size classes consisting
of 0.01 (solid), 0.025 (dashed), and 0.04 cm (dash-dotted) grains. The lower horizontal dotted line marks z1,
and the upper dotted line marks z2. The subscripts on Q indicate in numerical order smallest to largest grains.
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smallest and largest grains. Also, Q for the 0.04 cm grains is an
order of magnitude smaller than that shown in Figure 6 for a
similar value of a. If Q3 is adjusted to compensate for the 75%
reduction in the reference concentration, it is still less than half
that associated with the single grain size class depicted in
Figure 5. The influence of stratification induced by the pres-
ence of smaller grains causes a greater reduction in concen-
tration for the largest grains than if the smallest grain size class
were not present.

Because the parameter g enters as a constant multiplier of
the fall velocity, it produces an effect similar to that of grain
size. As a result, sensitivities to this parameter are not pre-
sented. It should be noted that the fall velocity is a nonlinear
function of grain size. For the examples illustrated here the
grain size varies by a factor of 4 (0.01–0.04 cm), with a corre-
sponding variation in fall velocity of an order of magnitude
(0.68–5.62 cm s21). Past work indicates that g can vary be-
tween about 0.35 and 1 [Hill et al., 1988; Villaret and Trow-
bridge, 1991; McLean, 1992], with a value of 0.74 generally used
in applications (GG). Comparisons of the relative changes in g
reported in the past and the fall velocities shown above indi-
cate that the values of d used in this analysis result in greater
modulations of the Rouse parameter than equivalent changes
in g. In addition, reductions in g decrease the Rouse param-
eter, resulting in larger sediment concentrations higher in the
water column. If a smaller g is applied in conjunction with
larger grain sizes, then the larger diameter sediment is lifted
higher into the water column where it can stratify the flow.
Previous studies [Styles, 1998] indicate that setting g equal to
0.35 with d 5 0.04 cm produces a stratification effect similar
to that associated with the 0.01 cm grains depicted in Figure 5
with g 5 0.74.

3.5. Sensitivity to b

It has been demonstrated that the model is sensitive to
changes in the parameter a. It was also mentioned in section 2
that the numerical value for b, which controls the magnitude of
the stratification correction, is derived from experimental stud-
ies of stable atmospheric boundary layers. It can be debated
that values adopted from atmospheric studies may not be ad-
equate for flows stratified by suspended sediment. In fact, past
studies for the atmosphere have shown that b takes on differ-
ent values under b, stable, or unstable conditions [Businger et
al., 1971; Wieringa, 1980; Högström, 1987]. Using values re-
ported in these studies as a guide to investigate sensitivities to
this coefficient, b is assigned values of 2, 4.7, and 10, where b 5
4.7 is the value adopted by GG. To preserve continuity with
previous sensitivity studies, the wave and current parameters
listed in Table 1 will serve for all model runs and a will be set
equal to its central value 0.5.

Since b is important in the stratified version of the model,
the 0.01 cm grains will be used to enhance the effect of the
stratification correction. Figure 9a shows stability parameter
profiles for the three indicated values for b. Examination of the
profiles reveals an inverse relation, where increases in b cor-
respond to overall decreases in the stability parameter. Figure
9b shows suspended sediment concentration profiles. The
three profiles give nearly identical results below about 25 cm
where z/L is small but then diverge throughout the remainder
of the boundary layer. Interestingly, the profile identified by
b 5 2.0, which is associated with the largest stability parame-
ter, shows the weakest decay in concentration with height in
the outer boundary layer. This inverse pattern can be explained

by examining the exponential term that represents the correc-
tion for suspended sediment–induced stratification in the cur-
rent (28) and concentration (30) equations, i.e.,

exp F 2 bwfn

ku*cwz1 E
z1

z z
L dzG , z1 , z , z2. (44)

The stratification correction in both equations depends on the
product of b and the integral over the stability parameter. The
product bz/L is also shown in Figure 9a and generally in-
creases with increasing b. This effectively increases the strati-
fication correction as b becomes larger, but the increase is less
than linear because of the corresponding decrease in the sta-
bility parameter. This explains why the steepest concentration
gradient in the vicinity of z2 is associated with the smallest
stability parameter. This is an interesting consequence since
inspection of the stability parameters alone could be inter-
preted falsely as smaller b producing a larger stratification
effect for the typical storm conditions demonstrated here. Ex-
amination of Figure 9c shows that the current is not very
sensitive to changes in b for the conditions prescribed here.
Given the relative insensitivity of the current to changes in b,
sediment transport (Figure 9d) profiles follow a pattern similar
to that of the concentration, in which the stronger stratification
corrections result in less sediment transport. Because the ef-
fects of stratification increase in proportion to b, the depth-
integrated transport Q decreases with increasing b.

4. Summary
A simple model to describe the vertical variation of the flow

and suspended sediment concentration in the constant stress
layer above a movable, noncohesive sediment bed has been
described. The model predicts mean current and concentration
profiles for a fluid stratified by suspended sediment. Closure
for the turbulent momentum and mass fluxes was achieved
using simple time-invariant eddy diffusivity coefficients modi-
fied by a stability parameter to represent the effects of sus-
pended sediment–induced stratification. Like its predecessors
[e.g., Grant and Madsen, 1979, 1986; GG], this simple turbu-
lence closure scheme was considered appropriate for modeling
the constant stress region of the bottom boundary layer and
able to describe the first-order effects of turbulent transport in
a fluid stratified by vertical concentration gradients in the sus-
pended load. Because of the embedded structure of the wave
and current boundary layers, the constant stress layer was
divided into an inner region where the maximum stress was a
function of the wave and current contributions, a transition
region where the wave stress was in a state of decay, and an
outer region where the stress was associated only with the
time-averaged current.

Expressions for the bed shear stresses were closed using a
combined wave and current friction factor that represented the
effect of the current through the coupling coefficient CR. The
friction factor was less sensitive to the three-layer eddy viscos-
ity parameters a and « for smaller relative roughnesses but had
a stronger dependence on a for larger roughnesses. Compared
to Grant and Madsen [1986], the coefficient CR now depends
on three independent parameters (a, «, and fcw) but was
relatively insensitive to the direction between the wave and
current for moderate to strong waves as measured by the ratio
u*cw/u*c.
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In contrast to the GG model, scaling arguments for the
stability parameter in the three-layer model showed that it
could not be neglected within the wave boundary layer. In
order to ensure that the stability parameter was both contin-
uous and consistent with the definition of the flux Richardson
number the production-related term was reevaluated for each
of the three layers defined by the eddy viscosity. In the inner
layer ( z , z1) the shear velocity in the production-related
term was equal to the combined wave and current shear ve-
locity evaluated at the bed. To ensure that the production-
related term remained continuous, a characteristic shear ve-
locity that had the same functional dependence as the wave
shear stress was introduced in the transition region. Above z2

the stress associated with the wave was negligible, and the
shear velocity in the production-related term was equal to u*c.

Comparison between the neutral and stratified versions of
the model using data collected on the inner continental shelf
offshore of New Jersey showed that the stratification correc-
tion can be important during storms. Concentration, current,

and especially sediment transport were significantly different
between the stratified and unstratified results. Peak transport
calculated for the neutral case was over an order of magnitude
greater than that for the stratified case. Time-averaged shear
velocity estimates derived from the neutral case were nearly
twice that of the stratified case.

The model presented here was shown to be more realistic
than the GG model in that the current, concentration, and
transport profiles were smooth throughout the boundary layer.
The stability parameters in the outer layer were very different
between the two models except when z was very large and both
stability parameters were negligibly small. When compared to
the GG model, these profiles were often similar for the cur-
rent, with greater differences observed in the sediment con-
centration and transport when the free parameter a was fixed
so that dw 5 z2.

Model sensitivity tests were expanded to include the effects
of varying grain size class and closure constants. For the high
storm cases presented here, the following were shown.

Figure 9. Sensitivity of calculated model parameters to changes in the stratification parameter b. Sediment
grain size is set equal to 0.01 cm. The horizontal dotted line marks z2 calculated with b 5 4.7. The three
thicker profiles in 9a are the product of the stability parameter and the corresponding value of b. The
subscripts on Q indicate in numerical order smallest to largest b. The vertical scale changes for Figure 9a.
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1. The largest grains considered resulted in the largest
differences between the two- and the three-layer eddy viscosity
models. Because of the neglect of stratification in the wave
boundary layer, the two-layer model produced higher concen-
trations at dw and an unrealistically sharp jump in the stability
parameter that artificially capped the wave boundary layer.
The three-layer model, on the other hand, produced smaller
stability parameters and concentrations and slightly higher cur-
rents, so that the transport was lower. This led to smaller
depth-integrated transport when z2 was chosen to coincide
with dw.

2. The smallest grains within the observed range led to
larger stability parameters and to the greatest distortion of the
current and concentration from the classic log-linear and
Rouse-like profiles derived for the unstratified case. Even
though the currents looked similar in the region normally ob-
served, currents close to the bed were very different. Assuming
the same reference concentration, differences in suspended
sediment concentrations were greatest away from the bed. The
resultant transport varied throughout the constant stress re-
gion, especially in the most critical part near the bed.

3. Increasing the number of grain size classes produced
results similar to the smaller grain size tests. For these condi-
tions the smaller-sized grains significantly contributed to the
stratification effect even when they made up only 25% of the
bed concentration.

4. The parameter a regulates the structure of the neutral
eddy viscosity in the wave boundary layer. Previous compari-
sons with field and laboratory data produced values of a that
varied by a factor of 10. Sensitivities to this level of variation
resulted in order of magnitude differences in the depth-
integrated sediment transport.

5. The parameter b was more constrained than a, with the
expected values varying by only a factor of 5. Increasing b
decreased the stability parameter, but the stratification correc-
tion depends on their product. The resulting stratification cor-
rection for the currents, so long as it is applied, was not very
sensitive to the exact value of b within the expected range.
Sediment concentrations were more sensitive above the peak
in the stability parameter, with larger b reducing the sediment
concentration and transport profiles in this region.

6. The parameter g is the most constrained of the closure
constants, with less than a factor of 3 variation in the expected
range of values. It controls the Rouse-like decay of the sedi-
ment concentration with distance from the bed. Like sediment
grain size, decreasing g increased concentrations and transport
throughout the entire water column. It was noted that for
larger grains, smaller values of g resulted in larger sediment
concentrations high enough in the water column to stratify the
flow.

The sensitivities described above demonstrate the potential
of the three-layer model presented here to improve modeling
capabilities for currents, suspended sediment concentrations,
and transport profiles in the bottom boundary layer during
storms on sandy shelves. Both the existing two-layer (GG) and
this three-layer model are equally easy to use because they are
driven by the same wave and current input parameters, but the
three-layer model has the advantage of continuous eddy vis-
cosity and stability parameter formulations. Including the strat-
ification correction in the three-layer model reduces sediment
transport estimates by 2 orders of magnitude below that pre-
dicted by the unstratified version; however, sensitivities to the
closure constants also produce sediment transport estimates

that vary by up to an order of magnitude. Observational pro-
grams targeted to refine estimates of these closure constants
are required to further improve sediment transport estimates.

Appendix A
Grant and Madsen [1979] presented the governing equation

for the wave within the wave boundary layer as

uw

t 2
u`

t 5


 z SK
uw

 z D , (A1)

where the horizontal pressure gradient has been expressed in
terms of the linearized wave solution evaluated at the bed,

u` 5 ubeivt, (A2)

ub is the bottom wave orbital velocity, i is the imaginary unit,
t is the time, and v is the wave radian frequency. For conve-
nience the direction of wave propagation has been aligned with
the x axis. By defining uw as the product of a vertical, f( z), and
periodic, eivt, component, (A1) can be rewritten as

ivW 5


 z SK
W
 z D , (A3)

where W 5 f( z) 2 ub.
After nondimensionalizing the vertical coordinate (i.e., j 5

z/lcw, where lcw 5 ku*cw/v) and substituting the eddy vis-
cosity given in (6) the solution to (A3) becomes

W 5 F~Ber 2 Î«j 1 i Bei 2 Î«j! 1 G~Ker 2 Î«j

1 i Kei 2 Î«j! , j2 , j ,

W 5 Cemj 1 De2mj, j1 , j , j2, (A4)

W 5 A~Ber 2 Îj 1 i Bei 2 Îj! 1 B~Ker 2 Îj

1 i Kei 2 Îj! , j0 , j , j1,

where Ber, Bei, Ker, and Kei are Kelvin functions of order zero
[Abramowitz and Stegun, 1964] and A , B , C , D , F , and G are
complex constants. The nondimensional heights are defined as
j j 5 zj/lcw ( j 5 0, 1, 2), and m is defined by

m 5
1 1 i

Î2j1
. (A5)

The constants are determined by boundary conditions and
matching of the solutions in the interior. At the bed, uw 5 0,
which gives W 5 uw 2 ub 5 2ub. As j 3 1`, where the
limit 1` is taken in the usual boundary layer sense in that it
refers to a distance much greater than dw, uw approaches the
solution for irrotational flow so that W 5 uw 2 ub 5 0. At
the points j1 and j2 the matching condition that the velocity uw

and the shear stress Kuw/j be continuous is imposed. Ap-
plying the matching and boundary conditions and substituting
the definition of W , the general solution for the wave in each
of the three layers is

uw 5 @ub 1 G~Ker 2 Î«j 1 i Kei 2 Î«j!#eivt, j2 , j ,

uw 5 @ub 1 Cemj 1 De2mj#eivt, j1 , j , j2, (A6)

uw 5 @ub 1 A~Ber 2 Îj 1 i Bei 2 Îj!

1 B~Ker 2 Îj 1 i Kei 2 Îj!#eivt, j0 , j , j1,
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If the flow parameters u*cw, u*c, z0, z1, ub, and v are
specified, the constants in (A6) can be determined from the
boundary and matching conditions [Glenn, 1983; Madsen and
Wikramanayake, 1991]. The solutions for the Kelvin functions
must be determined numerically, and polynomial expansions,
with associated errors for arguments ranging from 0 to `, are
given by Abramowitz and Stegun [1964].

The solution for the wave was derived using the neutral eddy
viscosity, and it is important to examine when this approxima-
tion is valid for stratified flows. The procedure is to calculate,
for a given velocity profile, the change in shear stress that
would be caused by the inclusion of the stratification correction
and to determine if this change is significant. For this applica-
tion the shear stresses associated with a given wave velocity
profile for neutral and stratified flows are

tw 5 rK
uw

 z (A7)

tws 5 rK strat

uw

 z , (A8)

respectively, where the subscript ws denotes the modified wave
shear stress due to the inclusion of the stability parameter.
Dividing both sides of (A7) and (A8) by r and subtracting gives

dtw

r
5 K

uw

 z 3 1 2
1

1 1 b
z
L
4 , (A9)

where dtw indicates the stress difference between the neutral
and stratified cases. Near the bed, z is small so that the term in
brackets is near zero. At the top of the wave boundary layer the
shear for the wave goes to zero, so that the right-hand side of
(A9) is small. In both cases, dtw is small so that the wave shear
stress is described adequately by (A7). While this implies that
the stratification correction is negligible for most of the wave
boundary layer, it does not preclude an intermediate range
where it may have some effect.

Possible stratification effects in the transition layer are esti-
mated by examining the eddy viscosity in (6), which shows that
changes in the parameters a and « that help define z1 and z2,
respectively, represent arbitrary changes to the neutral eddy
viscosity. These arbitrary changes spanned an order of magni-
tude for a and a factor of 4 for « resulting in order of magni-
tude changes in the eddy viscosity in the transition and outer
layers. These changes were shown not to affect the wave fric-
tion factor solution depicted in Figure 2 except for large rough-
ness configurations. The inclusion of a stability parameter also
introduces arbitrary changes to the neutral eddy viscosity. Peak
values for the stability parameter, however, are not expected to
exceed 10 or so (see section 3). Therefore it is expected that
the stability parameter will not affect fcw and associated twm

unless a and CRAb/kb are small. For small CRAb/kb the
roughness will be large, indicating large ripples and low flow
velocities. For large ripples and low flow, sediment transport is
weak, very little sediment will be in suspension, stratification
will be negligible, and z/L will be small. Because the bottom
stress is important to the wave and current interaction and is
all that directly affects the current, including z/L in the wave
solution will not change the results for the current. Therefore
z/L in the wave stress calculation is neglected. Because the
height of the current boundary layer is much greater than the
height of the wave boundary layer, the vertical shear in the

current does not vanish until much higher in the water column.
This fact suggests that the stratification correction is important
for the mean current, except possibly very near the bed where
z is small.

The above discussion illustrates an important point about
the three-layer eddy viscosity. For large waves (small rough-
ness), suspended sediment concentrations may be large, but
the solution for the friction factor is not sensitive to the de-
tailed structure of the eddy viscosity in the outer wave bound-
ary layer. For small waves (large roughness) the solution for
the friction factor is sensitive to the three-layer structure of the
eddy viscosity, as reflected in the stronger dependence on «
and a. Suspended sediment concentrations, however, are small
under these lower wave conditions. Thus the neutral three-
layer eddy viscosity is adequate for the wave solution in this
application.
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